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Abstract
In this paper we discuss the presence of temperature-dependent squeezing in the collective exci-
tations of trapped Bose-Einstein condensates, based on a recent theory of quasiparticle damping.
A new scheme to measure temperature below the critical temperature (T ≪ Tc) is also considered.
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I. INTRODUCTION
Following the first experimental observation of Bose-Einstein condensation in 1995 [1],
analogies between this phenomenon and non-linear optics have been pointed out [2, 3].
Recently, squeezing of the matter waves has been analysed [4, 5, 6]; by considering the
role of the nonlinear interactions between the atoms in generating entangled atomic beams,
namely the spin-exchanging collisions of spinor Bose-Einstein condensates (BEC’s).
Here we analyse squeezing in relation to the coupling of collective excitations in a Bose
condensed gas in a trap. Most of the observed effects of elementary excitations can be ex-
plained using the standard Bogoliubov theory [7]. However, it cannot account for higher
order processes such as the Beliaev damping of the excitations observed recently for a scis-
sors mode of a BEC in 87Rb [8]. Beliaev damping is a mechanism in which a quasiparticle
with energy E2 interacts with the condensate and generates two quasiparticles with energy
E1. The process is actually based on a four-wave process that is desguised as a three-wave
interaction analogous to degenerate parametric down-conversion. The new quasiparticles,
being produced in pairs, constitute a squeezed twin phonon beam. Recent theoretical de-
velopment including the presence of interactions between the quasiparticles [9] provides an
explanation for such processes. Finding quantitative estimates for the amount of squeezing
and entanglement based on this theory is one of the main tasks of this paper.
Considering a system containing 10000 87Rb atoms in a spherical trap, we calculate
the degree of squeezing of the quasiparticle excitations. A related experimental challenge
that we also address is the accurate determination of temperature in BEC’s at T ≪ Tc.
The temperature is currently estimated by fitting a thermal Gaussian profile to the atomic
cloud. We propose a different way to determine temperature by observing the variation of
the envelope of collective oscillations.
The paper is structured as follows: In Section II, the Hamiltonian in both particle and
quasiparticle basis is discussed in relation to squeezing. The Hamiltonian in the quasiparticle
basis accommodates processes such as the Landau and Beliaev damping. In Section III, we
obtain equations of motion for the quasiparticle modes and give quantitative estimates for
the degree of squeezing and entanglement in the quasiparticle excitations. The expected
“damping rate” at various temperatures is calculated. This is then used as a temperature
measurement calibration for BEC. In Section IV, we conclude.
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II. MANY-BODY HAMILTONIAN
Within the second quantised formalism, the many-body Hamiltonian for a system of
bosons with binary interactions can be written as,
Hˆ =
∑
ij
Hspij aˆ
†
i aˆj +
1
2
∑
ijkm
〈ij|Vˆ |km〉aˆ†i aˆ†j aˆkaˆm, (1)
where the matrix elements Hspij are given by
Hspij =
∫
d3rψ∗i (r)Hˆ
spψj(r). (2)
Here, Hsp = − h¯
2m
∇2+ Vtrap, is the single-particle Hamiltonian with a confining potential
Vtrap, and the basis state wave functions are ψi(r). The matrix element 〈ij|Vˆ |km〉 denotes
the matrix element for a bare interaction potential Vˆ (r) between two atoms; in this work,
we shall consider the typical delta-function contact interaction potential for Vˆ (r). The
operators aˆ†i and aˆi are the creation and annihilation operators for mode i that obey the
Boson commutation relations
[aˆi, aˆ
†
j ] = δij , [aˆi, aˆj ] = [aˆ
†
i , aˆ
†
j] = 0.
The Hamiltonian (1) is written in a single-particle basis where the operator aˆi annihilates
a particle from the state with wave function ψi(r). The wave function ψ0(r) describes the
condensate, whilst the remaining functions form a complete set orthogonal to the condensate.
A. Particle Hamiltonian
Let us first investigate the condensate by concentrating only on the condensate mode.
This one-mode approximation applies well for temperatures T ≃ 0 which is indeed the case
for many experiments. We find the Hamiltonian is then simplified to
Hˆ = ǫ00aˆ
†
0aˆ0 +
1
2
〈00|V |00〉aˆ†0aˆ†0aˆ0aˆ0. (3)
Treating the deviations from the ideal condensate as perturbations, we are able to expand
aˆ0 as
aˆ0 = z + cˆ, (4)
where z =
√
N0 represents the mean-field (condensate), and cˆ is the small quantum per-
turbation. cˆ may take the meaning of non-condensed atoms. We choose the phase so that
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z is real. The mean-field approximation, although not exact, has been very successful in
describing a large number of experimental results. Using the expansion for aˆ0 and splitting
our Hamiltonian into a Gaussian and a non-Gaussian parts, we get the Gaussian part of our
Hamiltonian as
Hˆ = ǫ0
[
z2 + z(cˆ + cˆ†) + cˆ†cˆ
]
+
〈00|V |00〉
2
[
z4 + z2(cˆ2 + cˆ†2) + 2z3(cˆ+ cˆ†) + 4z2cˆ†cˆ
]
. (5)
The non-Gaussian part may be treated using perturbation theory [10]. The resulting
Heisenberg equations of motion for cˆ and cˆ† are
 ˙ˆc(t)
˙ˆ†c(t)

 = i

 −a −b
b a



 cˆ(t)
cˆ†(t)

 + i

 −κ
κ

 , (6)
where a = 1
h¯
(ǫ0 + 2〈00|V |00〉z2), b = 1h¯〈00|V |00〉z2, and κ = 1h¯ (ǫ0z + 〈00|V |00〉z3). The
solutions of these equations are
 cˆ(t)
cˆ†(t)

 =

 A B
B∗ A∗



 cˆ(0)
cˆ†(0)

+

 D
D∗

 , (7)
where A = cosΥt − i a
Υ
sinΥt, B = −i b
Υ
sinΥt, D = (a−b)κ
Υ2
cosΥt − i κ
Υ
sinΥt + (b−a)κ
Υ2
, and
Υ =
√
a2 − b2. It is important to note that the above equations are formally equivalent
to dynamic equations that describe parametric down conversion in quantum optics [11] if
κ ≡ 0.
Defining the quadrature operators as Xˆp(t) =
cˆ(t)+cˆ†(t)
2
and Yˆp(t) =
cˆ(t)−cˆ†(t)
2i
, we have that
the variances can be written as
(∆Xˆp(t))
2 =
(2n˜+ 1)
4
(
cos2Υt +
(a− b)2
Υ2
sin2Υt
)
(8)
(∆Yˆp(t))
2 =
(2n˜+ 1)
4
(
cos2Υt +
(a + b)2
Υ2
sin2Υt
)
(9)
where n˜ is the number of excited particles. In this case, the magnitude of a and b, or
equivalently the magnitude and phase of the mean field, z, control the amount of squeezing
of the particule quadrature operators.
B. Quasiparticle Hamiltonian
On the other hand, it is possible to describe the system including the higher order pro-
cesses. The dominant ones correspond to the quadratic Hamiltonian HˆQ = Hˆ0 + Hˆ1 + Hˆ2,
4
where the subscripts 0,1,2 indicate the order in aˆi. This may be diagonalised exactly using
the standard Bogoliubov transformations, changing the Hamiltonian to a quasiparticle basis
where the quasiparticle operators βˆi are defined by
1
βi =
∑
j 6=0
U∗ijaj − V ∗ija†j . (10)
Here Uij and Vij are the well-known matrices associated with the Bogoliubov trans-
formations, obeying the orthogonality and symmetry conditions UU † − V V † = 1 and
UV T − V UT = 0. These matrices have to be evaluated numerically depending on tem-
perature and the geometry of the trap. The non-quadratic terms are expected to be small
and can be dealt with perturbatively. The energy and shape of the condensate change when
one includes these terms. It has been shown [9] that in terms of the quasiparticle operator
βi the effective Hamiltonian can be written as
H ′ = const+
∑
i 6=0
(ǫi+∆ǫi)β
†
i βi+
{[∑
ijk 6=0
[
ξijkβiβjβk + ζijkβ
†
i βjβk
]
+
∑
i 6=0
ηiβi
]
+ h.c.
}
, (11)
where the const term simply shifts the zero of energy and ∆ǫi is the energy shift from first
order perturbation theory. The Hamiltonian given by equation (11) contains terms beyond
the Bogoliubov approximation, showing that we are treating interacting quasiparticles. We
are thus taking into account important processes such as Landau and Beliaev damping.
Landau processes, in which two quasiparticles collide to form a single quasiparticle, can
not occur at zero temperature because there are no excited quasiparticles. However, they
are dominant at high temperatures. Expressions for the coefficients of equation (11) are
given in Appendix A. As we are interested in finite temperature, the U and V matrices
are calculated self-consistently using the Bogoliubov-de Gennes (BdG) formalism for each
temperature. From the Hamiltonian (11), the Heisenberg equation of motion for βp is
iβ˙p =
η∗p
h¯
+ ωpβp +
∑
j,k 6=0
σjkβjβk +
∑
j,k 6=0
ρjkβ
†
jβ
†
k +
∑
j,k 6=0
νjkβ
†
kβj , (12)
1 For simplicity from now on we drop the explicit notation in the operators
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where
ωp = (ǫp +∆ǫp) /h¯,
σjk = ζpjk/h¯,
ρjk =
(
ξ∗pjk + ξ
∗
jkp + ξ
∗
kpj
)
/h¯,
νjk =
(
ζ∗jpk + ζ
∗
jkp
)
/h¯.
Equation (12) and its complex conjugate are valid for the general case. However, a
dominant process can be defined by choosing the appropriate geometry for the trap. In this
form, the number of states involved is reduced [12]. The trap geometry can be modified by
adjusting the frequencies in the radial and axial directions independently and the selection
of a dominant mode in this way has been demonstrated [13]. In particular, the observation
of a Beliaev process has recently been reported for a scissors mode, where one mode is
resonantly coupled to two modes of half the original frequency [8]; this is the kind of process
that we seek to model in the present paper. We note that terms in ξ and η describe the
spontaneous decay of quasiparticles and thus do not generally conserve energy. Therefore,
we will only keep terms containing σ and ν. More details of these arguments can be found
in reference [14], and the main points are summarised in Appendix B. For a Beliaev process,
the equations of motion for modes p = 1 and p = 2 are
β˙1 = −iω1β1 − iν21β2β†1, (13)
β˙2 = −iω2β2 − iν21
2
β1β1. (14)
(15)
plus their complex conjugates. The factor of 2 that appears in equation (14) comes from
the fact that σ11 = ν21/2.
Considering the system at a temperature T = 20 nK, with N = 10000 particles and a
trap frequency ωtrap = 2π×100 Hz with spherical geometry and using 87Rb atoms for which
the s-wave scattering length a = 10a0, where a0 is the Bohr radius, the coefficient ν21 equals
1.90× 10−2 in trap units. The equations of motion for β1 and β†1 are profoundly affected by
temperature through the values of ν21.
Equations of this sort have extensively been studied in quantum optics. In this case we
apply them in order to study squeezing in the quasiparticle excitations and its temperature
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dependence. It is important to mention that the damping of excitations has earlier been
described in terms of nonlinear mixing [15]; this work differs from that description as the
operator nature of the quasiparticle annihilation operator βi is retained, and the calculation
is not restricted to the quadratic approximation. We are in effect extending the work of Ref.
[15], such that spontaneous quantum processes are included.
III. TEMPERATURE DEPENDENT COUPLING PROCESS
A. Non-depleted regime
In the case in which mode 2 has a much larger population than mode 1, we may approx-
imate the operator β2 by a c-number b2 and ignore the depletion of mode 2. The solutions
of the Heisenberg equations of motion for the operators β1 and β
†
1 are then given by

 β1(t)
β†1(t)

 =

 cosh(Ωt) −i sinh(Ωt)
i sinh(Ωt) cosh(Ωt)



 β1(0)
β†1(0)

 , (16)
where Ω = ν21b2, and we have chosen the phases such that the coefficients are real.
This represents the physical situation where the pump is continuously driven by a resonant
excitation. It is important to mention that the approximation is no longer valid when a
noticeable down-conversion has occurred.
Solutions (16) are equivalent to equations obtained in the description of degenerate para-
metric down-conversion in quantum optics. This process is well-known to be an efficient
source of squeezed states. In this case, the corresponding squeezing parameter is
τ = Ωt, (17)
which is temperature dependent via Ω.
Analogously, one can define the quadrature operators for β and β† and calculate the
variances
(∆X(t))2 =
(2N1 + 1)
4
exp(−2Ωt), (18)
(∆Y (t))2 =
(2N1 + 1)
4
exp(2Ωt), (19)
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where N1 is the number of particles in mode 1. In optics the quadrature operators are
well-defined quantities corresponding to the amplitude and the phase of the electromagnetic
(EM) oscillation. In a similar fashion, we give our quadrature operators X and Y the
interpretations of amplitude and phase of oscillations. The dependence of equations (18)
and (19) implies that the amount of squeezing is related to the number of lower-mode
atoms present. Consequently, it is connected to the temperature of the ultracold atoms
in the condensate [16], defined in terms of the initial Bose-Einstein (BE) distribution of
quasiparticles.
However, in an experiment what one measures some correlation functions, for instance
〈β†1β1〉. Assuming an initial number state in the quasiparticle basis, some important corre-
lation functions are given by:
〈β1(t)β1(t)〉 = −i
(
N1 +
1
2
)
sinh(2Ωt), (20)
〈β†1(t)β1(t)〉 =
(
N1 +
1
2
)
cosh(2Ωt)− 1
2
. (21)
A plot of the correlation function (20) is shown in Figure 2 a). A non-zero value for this
correlation function implies the presence of squeezing and hence of entanglement between
the two modes. The quantity given by equation (21) carries information about the behaviour
of the population in mode 1 and it is directly measured as the amplitude of oscillation. A
plot of this correlation function as a function of time (t) and temperature (T ) is given in
Figure 2 b). At t = 0 the behaviour is determined by the BE distribution of N1. As time
evolves the population of the lower mode increases.
B. Depleted regime
Let us now include the effect that depletion of mode 2 has in the description of the
coupling process. In order to tackle the problem, we will consider the equations of motion for
the number operators Ni = β
†
i βi. They can be calculated through the Heisenberg equations
(13-14), namely
dN1
dt
= iν21
(
β†2β1β1 − β†1β†1β2
)
, (22)
dN2
dt
= i
ν21
2
(
β2β
†
1β
†
1 − β†2β1β1
)
. (23)
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It is possible to uncouple the equations (22) and (23) using the constant of motion
A = N1 +2N2 and calculating the second derivative. The uncoupled equations are given by
d2N1
dt2
= ν221(−3N21 + 2AN1 + A), (24)
d2N2
dt2
=
ν221
2
(12N22 − 8AN2 + A2 − A). (25)
When the population of mode 2 is large, it is possible to determine the time evolution by
taking the average of equation (25). In that case we have a c-number second-order differential
equation with the following initial conditions
dN2
dt
∣∣∣∣
t=0
= 0, (26)
N2(0) = N20; (27)
The solution can be expressed as follows
N2(t) =


N20 + (α2 −N20)sn2
(
ν21
2
√
α1−N20
6
t,
√
α2−N20
α1−N20
)
, for N20 < α2,
α1 + (N20 − α1)nd2
(
ν21
2
√
α1−α2
6
t,
√
N20−α2
α1−α2
)
, for N20 > α2,
(28)
where sn(u, k) and nd(u, k) are the standard Jacobi elliptic functions [18], and the coefficient
α1 and α2 are the roots of the quadratic polynomial P (N2) = −N22 + (A−N20)N2 −N220 −
(A2 − A)/4 + N20A. It has been already mentioned that the coefficient ν21 is temperature
dependent; therefore the population will change accordingly. The initial population was
calculated for different temperatures as prescribed by the BE distribution. An initial driving
was also taken into account. The solution was then calculated using these parameters; a
plot is shown in Figure 3 as a function of temperature and time.
The connection between the theory and experiment can be accomplished by observing
that the initial part of the population surface can be fitted by a curve of the form A1 cos(Γt).
The parameter Γ is related to the solution (28) as
Γ = ν21
√
(α1 −N20)(N20 − α2)
12N20
. (29)
Following this line of analysis, a fitting routine was used to obtain a plot of Γ as a function
of temperature (Figure 4). We can see from the plot that for lower temperatures the influence
of the initial population is preeminent. For higher temperatures the coupling coefficient ν21
9
dwindles quickly, thus the effect of the initial population is hidden. It can clearly be seen
that there is a competition between the initial population and the coupling coefficient. The
quantity Γ is notable in that it is a readily measurable temperature dependent quantity that
links to the squeezing of quasiparticles.
IV. DISCUSSION
The detection of squeezed states in the case of the electromagnetic field can be achieved
through well-known techniques, e.g. homodyne detection. On the other hand, scattering
experiments have also been proposed as a way to detect squeezing in bosons [17]. The
proposal makes use of a particle scattering off a boson field. Provided the particle is prepared
in the proper input state, it can either absorb or emit a boson, and these two scattering
processes can coherently interfere when the boson field is in a squeezed state. The change in
the rate of scattering into a particular state gives a signature that the field has been squeezed.
A schematic setup for the detection of squeezing is shown in Figure 5: An incoming beam
of frequency ω− is divided into two by a beam splitter, with one of the beams frequency
shifted to ω+, which may be achieved through acusto-optic modulation. The two beams
are made incident into the boson field, e.g. BEC. Particles scattered off the squeezed field
are detected by the counter. This would provide an experimentally feasible way to directly
measure squeezing in BEC.
In conclusion, we have described a process analogous to parametric down-conversion
in trapped Bose-Einstein condensates. A fully second quantised order theory has been
used to depict the condensate at finite temperature. The process corresponds to Beliaev
damping, where a quantum of higher energy is divided into two quanta of lower energy. The
coupling process is temperature dependent; this implies that any amount of squeezing in the
elementary excitations of the condensate would give a direct indication of the temperature.
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APPENDIX A
The coefficients that appear in equation (11) written in the position representation (using
the contact potential) are determined by
ξijk =
√
N0U0
∫
d3r [ψ∗0(r)vi(r)uj(r)uk(r) + ψ0(r)ui(r)vj(r)vk(r)] , (A1)
ζijk =
√
N0U0
∫
d3r {ψ∗0(r) [u∗i (r)uj(r)uk(r) + v∗i (r)vj(r)uk(r) + v∗i (r)uj(r)vk(r)]
+ ψ0
[
u∗i (r)uj(r)vk(r) + u
∗
i (r)vj(r)uk(r) + v
∗
i (r)vj(r)vk(r)
]}
, (A2)
ηi = −
∑
q 6=0
(ζqqi + ζqiq)Nq. (A3)
where the indices i, j and k are labels that denote eigen-energy levels. For a 3-D condensate,
the level i is an implicit notation for the quantum numbers n, l and m.
APPENDIX B
To prove that Beliaev damping is indeed the dominant process with the given trap ge-
ometry discussed in the paper, it is only necessary to calculate various contributions from
the framework of second order perturbation theory. The energy shift due to various higher
order terms is given by the expression
∆E(p) = −
∑
ij 6=0
|ξP3pij |2
2(ǫp + ǫi + ǫj)
[1 +Ni +Nj ] (B1a)
+
∑
ij 6=0
|ζpij + ζpji|2
2(ǫp − ǫi − ǫj) [1 +Ni +Nj ] (B1b)
+
∑
ij 6=0
|ζijp + ζipj|2
ǫp − ǫi + ǫj [Nj −Ni], (B1c)
where line (B1a) indicates spontaneous decay of quasiparticles. Here the coefficient ξP3pij is
defined as a sum over permutations of the three indices in ξpjk, i.e. ξ
P3
pijk = ξpjk+ξpkj+ξjpk+
ξjkp+ ξkpj+ ξkjp. Lines (B1b) and (B1c) give Beliaev and Landau damping processes respec-
tively. Typical values are given in Ref. [14] and owing to the resonance in the denominator,
11
(B1b) may be made dominant with a correct choice of experimental parameters [13].
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Figure Captions
1. Schematic diagram of energy levels for a BEC in a trap. In the Beliaev process, a
quasiparticle of frequency ω2 interacts with the ground state generating two quasipar-
ticles of frequency ω1 that divide the initial energy equally. This process is analogous
to the optical parametric down-conversion.
2. a) Surface plot of the average 〈β1β1〉. A non-zero value of this quantity implies the
presence of squeezing and hence entanglement. b) The average 〈β†1β1〉 describes the
behaviour of the population in mode 1. This solution is valid within the non-depleted
regime. As discussed before, the behaviour at t = 0 is determined by the BE distri-
bution function.
3. The population N2 as a function of temperature and time.
4. Plot of Γ against temperature. This parameter is obtained by fitting a curve of the
form A1 cos(Γt) corresponds to the initial part of the envelope of the population N2
shown in figure 3.
5. Schematic figure for the detection of squeezing by particle scattering.
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